Momentum transfer due to electron-electron interaction (Coulomb drag) between two quantum wells, separated by a distance d, in the presence of a perpendicular magnetic field, is studied at low temperatures. We find besides the well known Shubnikov-de Haas oscillations, which also appear in the drag effect, the momentum transfer is markedly enhanced by the magnetic field. 
Coulomb drag effect of double quantum wells has recently attracted much experimental [1] [2] [3] [4] and theoretical [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] attention. This is because, not withstanding the fact that the effects of electron-electron collisions only have indirect consequences for transport properties of single isolated quantum wells as they conserve total momentum and cannot transfer or relax it, the drag effect of double quantum wells is unique in that it provides an opportunity to directly measure electron-electron interaction through a transport measurement where momentum is transferred from one well to the other. Consider two quantum wells containing electrons so close to each other that the electrons in the two respective wells experience the Coulomb forces originating from the other well and yet far enough away from each other that direct charge transfer between the two wells is not possible. Thus, if a current J is driven through one of the wells, then an induced current is dragged in the other well.
Alternatively, if no current is allowed to flow in the other well, an electric field E is induced.
The so called transresistivity ρ, which describes the momentum transfer between the two wells, is hereupon defined as
To our knowledge, almost all the works on this subject are focused on screening effects associated with plasmon modes (see, eg. [17] [18] [19] ), or on deviations of the transresistivity from T 2 law at low temperature (from zero to several Kelvin degrees) (see, eg. [4, 9, 16] ).
Magnetic field effects on Coulomb drag in planar quantum wells have, to a large extent
[20], escaped attention. It is known that in the classical limit, the magnetic field does not affect the Coulomb drag effect. Nevertheless, for higher magnetic fields, when Landau quantization becomes important, the situation is quite different. Since the mechanism for
Coulomb drag is carrier-carrier scattering, the transresistivity is proportional to the square of the effective interaction between the two wells. The available phase space for electronelectron scattering is modified drastically by the magnetic field due to the formation of Landau levels, consequently affecting Coulomb drag.
The purpose of this letter is to elucidate the significance of the magnetic field, which is applied perpendicular to the quantum wells, in regard to the Coulomb drag effect in double quantum wells at low temperature. We also include the role of dynamic screening of the Coulomb interactions between two quantum wells. As may be expected, we find the well known Shubnikov-de Haas oscillations, which feature prominently in the drag effect when temperature is sufficiently low. Our analysis further shows that the Coulomb drag effect is remarkably enhanced by high magnetic field at low temperature.
The transresistivity, which can be calculated from either the Boltzmann equation [4, 12] , the momentum balance equation method [9, 14] , or, very recently, the Kubo linear-response formula [18, 19] , is given by
In this equation, n 1 (n 2 ) stands for the sheet density of first (second) quantum well.
2 /κq is the bare 2D Coulomb interaction, with κ being the background dielectric constant. The dynamic screening of the Coulomb interaction, in random phase approximation, reads
Here Π (j) (q, ω) is the electron density-density correlation function of jth quantum well, with
2 (q, ω)) denoting the real (imaginary) part of it. In the presence of magnetic field, it is given by [21]
where
with m 1 = max(n, n ′ ) and
α is the radius of the ground cyclotron orbit, given by α = (eB) −1/2 with B denoting the magnetic field. x = α 2 q 2 /2. The quantity Π (j) (n, n ′ , ω) can be expressed as
In these equations, f j (z) denotes the Fermi distribution function of jth well, given by {exp[(z − µ j )/T ] + 1} −1 with µ j denoting chemical potential, which is determined, for total electron sheet density n j , by the relation
n (z), the Green function for the nth Landau level of jth well, can be expressed, in the self-consistent Born approximation [22, 23] , as
with Γ 2 j = 2ω c /πτ
and τ
is the electron transport lifetime in the absence of a magnetic field at zero temperature, related to the mobility µ Fig. 1(a) ) and 10 K (Fig. 1(b) ). The magnetic field in these figures is 1 T. From the figure we can see that as q increases, the two modes both increase in frequency ω(q) and become closer. On the other hand, as q goes to zero, one mode ω(q) also tends to zero, which is the so called acoustic mode, and the other is in the nature of an optical mode with ω(q) = 0. We point out here that this feature of the optical mode in the presence of the magnetic field is quite different from the nonmagnetic case, as in that circumstance, the optical mode also tends to zero as q → 0, with its small q limiting behavior at zero temperature being q 1/2 [19, 24] . This is because, in the absence of magnetic field, the collective excitation reflects the nature of 2D electron gases, whereas in the presence of the field, this 2D freedom is further restricted by Landau quantization.
In Fig. 2 we plot the numerically calculated transresistivity ρ, which is normalized by ρ 0
[25] as a function of magnetic field B at different temperatures T = 3, 4, 6.5, 10, and 15 K.
We include ten Landau levels in our computation. In order to exhibit the screening effect, we plot the transresistivity both with and without screening in Fig. 2(a) and (b) respectively.
From both of these figures we can see that the magnetic field has a strong effect on the transresistivity, especially at low temperatures. We note, from the figures for T below about 4 K, the transresistivity exhibits distinctive Shubnikov-de Haas oscillations as the magnetic field increases from 0.5 T to 2.5 T (with the filling factor ν decreasing from 8.3 to 1.7). It is also clear from the figures that the minima for the curve of T = 3 K from the right to the left correspond to the filling factors ν=2, 4, 6, 8, respectively, which means the Fermi level is between the first and the second, second and third, · · · etc., Landau levels. Hence the available phase space is greatly reduced, thus reducing the transresistivity. As the magnetic field continues to increase, eventually all the electrons are accommodated in the first Landau level, the transresistivity is markedly enhanced, becoming an order of magnitude larger than that in the low field case. However, when temperature becomes higher, the oscillations are washed out due to thermal fluctuation and the magnetic enhancement of the drag effect becomes moderate as B increases.
We also note from the figures that screening is more effective for low temperatures than for higher ones. This can be well illustrated from the fact that in Fig. 2(a) one can see that when electron screening effect is included, for any magnetic field, the drag effect always increases as temperature rises. However in Fig. 2(b) one can see, especially in the high magnetic field regime (eg. B > 2.5 T), that the lower the temperature, the higher the transresistivity. This implies that screening reduces the drag effect at low temperature faster than at high temperature. This is readily understood since the degree of degeneracy is higher at low temperatures, so that the screening of electrons is more effective than at high temperature case.
In summary, we have studied the effects of a quantizing magnetic field on the momentum transfer due to electron-electron Coulomb interaction between two spatially separated quantum wells. We find that, at low temperatures, the magnetic field not only induces [25] ρ 0 is defined from the overall factor of Eq. 
